Holographic Dissipative Properties of Non-relativistic Black Branes with
  Hyperscaling Violation by Gürsel, Huriye et al.
HEP/123-qed
Holographic Dissipative Properties of Non-relativistic Black
Branes with Hyperscaling Violation
Huriye Gu¨rsel, Mert Mangut, and I˙zzet Sakallı
Physics Department, Arts and Sciences Faculty,
Eastern Mediterranean University, Famagusta,
North Cyprus via Mersin 10, Turkey.
(Dated: June 9, 2020; Received)
Abstract
In this work, we consider a class of hyperscaling violating Lifshitz-like black branes with metric
scaling components z = 2 and θ = −1 whose corresponding holographic model can be treated as a
non-relativistic fluid exhibiting Lifshitz-type symmetry. Having performed analytical calculations
via the Klein-Gordon equation and the linear response theory, the experimental realizations of the
concerned model, namely the transport coefficients, are found to behave as η ∝ T 3/2, σDC ∝ T 3/2,
and ρ ∝ T−3/2. The associated metric scaling exponents from the bulk theory are encrypted in
the transport coefficients obtained for the holographic dual model. We believe that our analytical
results can contribute to the endeavours in accomplishing a full understanding on the strongly cou-
pled phenomena occurring in systems such as high temperature superconductors, the hypothetical
magnetic monopoles, and liquid crystals.
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I. INTRODUCTION
One of the compelling problems which seems to sustain its complexity until today
is the complete physical explanation of the mechanism behind the atomic nuclei. In
1931, Dirac stated that having a complete theory for understanding the nature of atomic
nuclei would be a rather challenging task and would require a drastic revision of our
fundamental understanding of nature. Furthermore, he also added that constructing a
theory directly from the experimental data would go beyond the intelligence of humanity;
and thus, suggested the theorists of the future to look for indirect ways of approaching
the problem [1]. Today, a detailed study on various gravitational models can enable one
to achieve a deeper understanding of the systems in nature where strong coupling exist,
which supports Dirac’s perspective. Although quantum chromodynamics (QCD) is an
effective and experimentally consistent theory for explaining the high energy behavior of
strongly coupled structures, it confronts several challenges once the low energy regime is of
concern [2, 3]. AdS/CFT correspondence [4], which is a very well-established realization of
the holographic principle [5, 6], can be thought as a channel to tackle rather complicated
problems in one field with the tools of the other. The holographic principle makes it
possible to perceive the entire physical phenomena occurring in nature as a whole and
treats seemingly-different models as the dual of each other. The low energy behavior of
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strongly coupled systems can be considered as being equivalent to the hydrodynamical
properties of the event horizons of astronomical objects which are commonly referred to as
the membrane paradigm [7, 8]. With this approach, one can aim for obtaining information
regarding the low energy behavior of strongly coupled systems via mapping the results of
bulk gravitational models on to the field theory of concern.
Quark confinement and chiral symmetry breaking are co-existing concepts in low energy
QCD, which are still in need of a consistent theoretical explanation. There are numerous
studies such as Refs. [9–13] where these phenomena are explained via numerical simulations;
however, there seems to be a gap in literature for exact analytical approaches, as the
usual perturbative methods are not applicable in this regime. Throughout this work, we
investigate the electrically charged hyperscaling violating (hv) Lifshitz-like black branes
(BBs) in (3+1)-dimensional spacetime and find the transport coefficients of the dual model,
namely the shear viscosity η, DC- conductivity σDC , and DC-resistivity ρDC , via exact
analytical methods. The bulk gravitational model of our concern consists of a Maxwell
field, a dilatonic scalar, a negative cosmological constant, and NSU(2) Yang-Mills fields.
For studies regarding hv -spacetime structures, please refer to [14–25]. In fluid/gravity
correspondence, the dynamic critical exponent z and the hv -factor θ play a vital role in
both characterizing the properties of the bulk model and determining the scaling behavior
of the observables in the dual scenario. On the gravitational side, besides being subject
to an overall hv -factor, the metric also encounters a temporal anisotropy due to quantum
critical phenomena. Such Lifshitz-like spacetimes correspond to the dual models, which
experience continuous phase transitions [26].
In 1974, ’t Hooft made a proposition that for any gauge theory, there exists a dual string
model in the large N limit [27]. Thus, the Lifshitz-like BB of our concern may be linked
not only to the (2 + 1)-dimensional field theory model that it corresponds to, but also to
the associated one-spatial dimensional dual string theory. At this point, we shall emphasize
that both the observational data and the theoretical framework of the Veneziano model [28]
indicate the likely possibility of having an underlying string structure to hadronic matter
[29]. Once these relations are investigated, one cannot go without noticing the relevance
of the theory of magnetic monopoles and the hadronic matter. In 1974, Mandelstam [30]
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proposed a model in which the experimentally required confinement condition was satisfied.
During his work, he combined the Nielsen-Olesen interpretation of ST [33] and Nambu’s
idea [34] of treating quarks as the carriers of magnetic charges. Since then, there have
been a great number of studies aiming to find out ways for observing magnetic monopoles.
Dirac put forward the idea that the fundamental dissimilarity between electricity and
magnetism most likely arises from the same conceptual reasoning that causes the electrons
and protons to possess different properties [1]. The non-Abelian massless monopoles in low
energy effective action of supersymmetric theories are thought to play a significant role in
problems existing in low energy behavior of QCD. In addition, it is worth noting that the
ground state of QCD can be treated as a dual superconductor [29–32]. Thus, based on the
aforementioned discussions, we suggest that it is highly likely for the analytically obtained
transport coefficients of the BB structure of our concern to carry information regarding
the unsolved problems in the theories of magnetic monopoles, superconductors, and low
energy behavior of QCD, in accordance with the holographic principle. The dynamic
scaling exponent of the model is chosen to be z = 2 so as to support superconducting
fluctuations [35]. Furthermore, theories with z = 2 scaling describe multicritical points
in certain liquid crystals and have been shown to arise at quantum critical points in toy
models of the cuprate superconductors [36]. On the other hand, the spatial dimension
of our bulk spacetime is adopted as d = 3. The reason behind this specific choice is
to shift the perception of a three-spatial dimensional reality created by our minds (as a
direct consequence of observing the macroscopic world) to a (2+1)-dimensional holographic
scenario in which the two cases exhibit common properties. In Ref. [37], ’t Hooft claims
that to be able to construct a consistent quantum gravity model, the observable degrees of
freedom should be described as if they were Boolean variables defined on a two-dimensional
lattice, which also coincides with our specific choice of dimensionality. Consequently, the
hv -factor is determined by the specific z and D values of our choice, where D stands for
the overall dimensionality; i.e. D = d+ 1.
Our paper is organized as follows. In Section II, we briefly describe the properties of
the (3+1)-dimensional gravitational model of our interest, with metric exponents z = 2
and θ = −1, which corresponds to the non-relativistic systems. Furthermore, we provide
an exact solution for the associated Klein-Gordon equation (KGE) following Ref.[38]. For
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the absorption cross-section, decay rate, and greybody factor of the concerned model, the
reader is referred to Ref.[38]. Section III, on the other hand, is devoted to the analytical
evaluation of the dissipative properties of the dual model living on the boundary, which is
the main focusing point of this study. To this end, the asymptotic behavior of KGE is used
to evaluate the Green’s function. Ultimately, the two scenarios are mapped to each other via
the linear response theory; and in turn, the effect of the metric exponents on the observables
of the dual theory is investigated. The final section is reserved for the conclusive remarks
and for our future work plan.
II. BULK GEOMETRY
In this section, we briefly review the bulk geometry of the holographic model of our
concern, namely the non-Abelian charged Lifshitz-like BB with hyperscaling violation. These
BBs arise as solutions to the theory possessing the Lagrangian that goes as [39]
L = √−g[R− Λe−λφ − 1
2
(∂φ)2 −
N∑
k=1
1
4g2k
eλφF 2k
− 1
4
eλφF ].
(1)
As can be seen from Eq. (1), the gravitational model described by the Lagrangian
above consists of Einstein gravity, a cosmological constant Λ, a dilatonic scalar field φ, a
Maxwell fieldA whose associated field strength reads F = dA, and N SU(2) Yang-Mills field
Aak with strength F
a
µν . Note that F
a
µν = ∂µA
a
υ−∂υAaµ+abcAbµAcυ, in which a runs from 1 to N .
A class of hv solutions with general dynamical exponent to the theory described by
Lagrangian (1) can be written as
ds2 = rθ
(
−r2zf(r)dt2 + dr
2
r2f(r)
+ r2
D−2∑
i=1
dx2i
)
, (2)
where
f(r) = 1− q
2
2 (z − 1) r2(z−1) , (3)
and
θ =
2
D − 2[z − (D − 1)]. (4)
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Note that q represents the charge parameter determining the exact electric charge of the BB
via Q = ω
16pi
q. For the cases when θ 6= 0, the system of concern breaks scale invariance to
covariance which causes a power law scaling of thermodynamic observables, relative to that
of a conformal field theory [40, 41]. The hv -factor arises due to the presence of the dilaton
which is assumed to have the ansatz
φ =
θ
λ
log r, (5)
with λ denoting the ’t Hooft coupling. On the other hand, the Maxwell field is taken to be
in the form
A = (ϕ0 + qr)dt, (6)
where ϕ0 can be treated as the gauge parameter. For the specific model of our interest,
we choose the dynamical exponent and the spacetime dimension as z = 2 and D = 4
respectively, which in turn results in θ = −1. Thus, metric (2) can be rearranged as
ds2 = −N(r)dt2 + dr
2
N(r)
+ r
2∑
i=1
dx2i , (7)
whose metric function reads N(r) = r3f(r). Consequently, Eq.(3) reduces to f(r) = 1 −
q2
2r2
. One shall record that metric (7) is non-relativistic; and thus, the tools of AdS/CFT
correspondence can be extended to obtain information about the observables of the dual
non-relativistic CFT model. For the above 4D non-Abelian charged Lifshitz BB (7), one
can compute the surface gravity [42] as
κs =
1
2
dN(r)
dr
∣∣∣∣
r=rH
= r2H , (8)
in which the event horizon is rH = ±q/
√
2. Therefore, the corresponding Hawking temper-
ature [43] results in
T =
κs
2pi
=
r2H
2pi
=
q2
4pi
. (9)
Considering massless scalar perturbations of this bulk model, the associated KGE can be
presented as
1√−g∂µ
(√−ggµυ∂νϕ) = 0, (10)
where ϕ denotes the spin-0 field. The radial part of Eq.(10), which has already been evalu-
ated in Ref. [38], goes as
N(r)
d2R(r)
dr2
+ (4r2 − 2r2H)
dR(r)
dr
+
(
ω2
N(r)
− κ
2
r
)
R(r) = 0, (11)
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where −κ2 is the eigenvalue of the Laplacian in the flat base sub-manifold [44] and R(r) is
the radial part of the scalar field based on the ansatz ϕ(t, r, ~x) = Φ(r)ei~κ·~xe−iωt. In order to
be able to solve Eq. (11), one may change the variable into z˜ = r−2(r2 − r2H) and set
Φ(z˜) = z˜α(1− z˜)3/2G(z˜). (12)
This results in
G(z˜) = C12F1 (a, b; c; z˜) + C2z˜
1−c
2F1 (a− c+ 1, b− c+ 1; 2− c; z˜) ,
(13)
with the relevant constants
α = −(iω/2κs),
a =
5
4
− i
2κs
(ω + ω̂) , (14)
b =
5
4
− i
2κs
(ω − ω̂) , (15)
where
ω̂ =
√
ω2 + κs
(
κ2 − κs
4
)
. (16)
For further details and the thermal radiation parameters of this model, please refer to Ref.
[38].
III. HOLOGRAPHIC APPROACH: TRANSPORT COEFFICIENTS OF THE
DUAL MODEL
Having briefly mentioned the characteristic properties of the 4D semi-classical BB of our
concern, we can now shift our focus towards the associated holographic dual model living
on the boundary. At this point, one shall recall that the low energy behavior of strong
interactions in the dual field theory are governed by the laws of hydrodynamics and their
experimental realizations such as η, σDC , and ρDC can be evaluated via linear response theory
[45]. Throughout this section, we shall be using the tools of fluid/gravity correspondence
to build a bridge between the gravitational model of our choice and its corresponding dual
model; and consequently, the dissipative properties of the holographic dual model will be
investigated via analytical methods.
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A. Shear Viscosity
As a direct consequence of the fluid/gravity correspondence, the shear viscosity of the
dual model of hv Lifshitz-like BB can be found by using Kubo’s formula [46–48], which is
given by
η = − lim
ω→0
1
ω
Im
[
GO+(ω, 0)
]
, (17)
where GO+ denotes the retarded Green’s function that can be obtained via investigating the
asymptotic behavior of the solution of radial KGE (11). For r →∞, Eq. (11) reduces to
d2R
dr2
+
4
r
dR
dr
= 0, (18)
which allows us to express the radial solution at spatial infinity as
R(r) = D1 +
D2
r3
, (19)
where D1 = A2C1 and D2 = A1C1r
3
H with
A1 =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) , (20)
and
A2 =
Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
. (21)
Then, by using GO+ = D2/D1 [49], the two-point correlation function can be expressed in
the form
GO+(ω, 0) =
8
3
Γ
(
5
4
− iY˜
)
Γ
(
−1
4
− iY˜
) Γ
(
5
4
− iX˜
)
Γ
(
−1
4
− iX˜
)r3H , (22)
where X˜ = X|κ→0 = ω−
√
ω2−r4H/4
2r2H
and Y˜ = Y |κ→0 = ω+
√
ω2−r4H/4
2r2H
.
For further simplification, we need to have a closer look at the behavior of the complex
gamma functions. To be able to do so, one can take advantage of a mathematical trick that
can be stated as
Γ (b+ iy)
Γ (a+ iy)
=
Γ (b+ iy)
Γ (1− a+ iy)
Γ (1− a+ iy)
Γ (a+ iy)
Γ (a− iy)
Γ (a− iy) , (23)
where a, b ∈ R. The standard complex gamma functions have the features [50, 51]
Γ (1− a+ iy) Γ (a− iy) = pi
sin [pi (a− iy)] , (24)
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and
|Γ (a+ iy)|2 = Γ (a− iy) Γ (a+ iy) , (25)
which enable Eq. (23) to be rewritten as
Γ (b+ iy)
Γ (a+ iy)
=
1
|Γ (a+ iy)|2
Γ (b+ iy)
Γ (1− a+ iy)
pi
sin [pi (a− iy)] . (26)
Therefore, for our case, the complex gamma function ratios of the retarded Green’s function
can be expressed as
Γ
(
5
4
− iX˜
)
Γ
(
−1
4
− iX˜
) = 1∣∣∣Γ(−14 − iX˜)∣∣∣2
pi
sin
[
pi
(
−1
4
+ iX˜
)] , (27)
and
Γ
(
5
4
− iY˜
)
Γ
(
−1
4
− iY˜
) = 1∣∣∣Γ(−14 − iY˜ )∣∣∣2
pi
sin
[
pi
(
−1
4
+ iY˜
)] . (28)
As we are interested in the low energy limit, i.e. the regime of interest retains w << rH ,
one can write
X˜ ∼ ω
2r2H
− i
4
,
Y˜ ∼ ω
2r2H
+
i
4
.
(29)
Substituting the low energy behavior of X˜ and Y˜ into Eqs. (27) and (28) together with the
commonly referred relation zΓ (z) = Γ (1 + z), the modulus squared terms can be replaced
by ∣∣∣∣Γ(−14 − iX˜
)∣∣∣∣2 = 4r2Hr4H + ω2
∣∣∣∣Γ(12 − iω2r2H
)∣∣∣∣2 , (30)
and ∣∣∣∣Γ(−14 − iY˜
)∣∣∣∣2 = ∣∣∣∣Γ(− iω2r2H
)∣∣∣∣2 . (31)
Since the complex gamma functions satisfy the relations [50]
|Γ (ib)|2 = pi
b sinh (pib)
, (32)
and ∣∣∣∣Γ(12 + ib
)∣∣∣∣2 = picosh (pib) , (33)
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the ratios (27) and (28) take the following compact forms:
Γ
(
5
4
− iX˜
)
Γ
(
−1
4
− iX˜
) ∼ i (r4H + ω2)
4r2H
coth
(
piω
2r2H
)
,
Γ
(
5
4
− iY˜
)
Γ
(
−1
4
− iY˜
) ∼ − ω
2r2H
tanh
(
piω
2r2H
)
.
(34)
Note that for our case, b = −ω/2r2H . Substituting the expressions (34) back into the two-
point correlation function (22), we get
GO+(ω, 0) = −
iω (r4H + ω
2)
3rH
. (35)
Finally, letting ω → 0, the shear viscosity (17) of our concerned model is found to be
η =
r3H
3
. (36)
To express the shear viscosity in terms of temperature, it is of benefit to replace the event
horizon by rH =
√
2piT which results in
η = ζT 3/2, (37)
where ζ = 2
√
2pi3
3
. From Eq. (37), one can perceive the effect of hyperscaling violation on
the observables of the concerned (2+1)-dimensional dual model.
η
T
FIG. 1: Plot of η versus T which is governed by Eq. (37).
As the hv -factor reads θ = −1, the length dimension of a spatial volume is increased by
one, i.e. deff = db−θ, where db denotes the spatial dimension of the holographic model on the
boundary. Therefore, our results indicate that for theories with anisotropy and hyperscaling
violation, one can expect η ∝ T (db−θ)/z for the dual model, which is in full agreement with
Refs. [52–56].
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B. DC-Conductivity
The DC-conductivity can be thought as the zero-frequency limit of
σij (ω) = − 1
iω
〈J i (ω) J j (ω)〉 (38)
where J i represents the current operator [57, 58]. Eq. (38) enables one to evaluate the
optical conductivity of a system via Kubo’s formula, and in turn, its zero-frequency limit
leads to DC-conductivity which goes as
σDC = lim
ω→0
σij(ω). (39)
For our case, Eq. (39) reduces to
σDC =
e2
3
(2pi)3/2 T 3/2, (40)
in which e represents the charge of an electron.
σ
DC
T
FIG. 2: Plot of σDC versus T . The plot is governed by Eq. (40).
C. DC-Resistivity
The DC-resistivity of the dual model for hv Lifshitz-like BB studied throughout this
paper is equivalent to the reciprocal of Eq. (40) which can simply be written as
ρDC =
1
σDC
=
3
e2
(2pi)−3/2 T−3/2. (41)
It is worthwhile to note that the scaling behavior of the DC-resistivity carries significant
information regarding the thermodynamical behavior of a system.
11
ρT
FIG. 3: Plot of ρ versus T . The plot is governed by Eq. (41).
We predict that Fig. (3) represents a second order phase transition around the critical
point where the graph experiences a dramatic decrease. A similar plot can be found in Ref.
[57] in which the authors first used analytical evaluations to figure out the holographic DC-
conductivity of a system with arbitrary (z, θ), and subsequently discussed the behavior of the
DC-resistivity for a non-relativistic system via numerical methods. Their analysis indicates
that the DC-resistivity possesses different scaling behavior for different temperature regimes;
namely, for T ≤ Tcritical and T > Tcritical. In our case, the holographic DC-resistivity behaves
as ρDC ∝ T−3/2 which seems to be only a small portion of a broader picture. For studies
on second order superfluid and superconducting phase transitions, one may refer to Refs.
[59, 60].
IV. CONCLUSION
In this paper, we have computed the two-point correlation function of a non-relativistic
fluid via the linear response theory and have in turn used the associated result to obtain
exact expressions for the shear viscosity, DC-conductivity, and DC-resistivity of the dual
model of hv Lifshitz-like BBs with exponents z = 2 and θ = −1. The BB model of
our concern exhibits Lifshitz-like symmetry and the corresponding holographic model is
a member of non-relativistic CFT at strong coupling. We have obtained the two-point
correlation function as GO+(ω, 0) = −iω (r4H + ω2) /3rH , and accordingly, the transport
coefficients of the dual non-relativistic model are found to exhibit the behavior η ∝ T 3/2,
σDC ∝ T 3/2, and ρDC ∝ T−3/2 which is consistent with the general scaling behavior of
models with arbitrary metric exponents; i.e. η ∝ T (db−θ)/z.
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This study can be considered as an analytical example for applications of AdS/CFT
correspondence which makes it possible to link two seemingly different phenomena occurring
in different regions of spacetime to each other and treat them as a whole. Throughout our
study, we have shown that it can indeed be possible for one to start from a relatively simple
gravitational model and obtain some basic knowledge about the observables of a more com-
plicated system, for instance a strongly coupled fluid, or vice versa: a variety of experimental
data collected from strongly coupled systems accessible in nature can be used as a cat-
alog for astronomical objects as long as the relevant theories are in harmony with each other.
In future work, we plan to extend our study by examining the relevance of our results
with the theory of magnetic monopoles and D-branes from string theory and check whether
it can provide us with any useful information regarding concepts like quark confinement and
chiral symmetry breaking.
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